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Abstract. A U(N) Chern-Simons theory on noncommutative R3 is constructed as a -deformed eld
theory. The model is characterized by two symmetries: the BRST-symmetry and the topological
linear vector supersymmetry. It is shown that the theory is nite and  -independent at the one
loop level and that the calculations respect the restriction of the topological supersymmetry. Thus
the topological -deformed Chern-Simons theory is an example of a model which is non-singular in
the limit  ! 0.
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1 Introduction
It is well known that at the Planck scale the flat space-time must be modied drastically leading
to a noncommutative space-time. The corresponding eld theories have to be formulated in
the framework of noncommutative geometry [1].
In this short letter we discuss the Chern-Simons theory with respect to a non Abelian U(N)-
gauge group on noncommutative R3. In the corresponding -deformed eld theory we are able
to establish the usual BRST-symmetry [2] and the topological vector supersymmetry (VSUSY)
[3]. The vector like generators of this VSUSY gives rise together with the BRST-operator to
a Wess-Zumino like anticommutation relation which closes on-shell on the space-time transla-
tions.
At the classical level the Ward-identity characterizing the VSUSY is linearly broken in the
quantum elds. These breakings are induced by the external sources needed for the description
of the nonlinear terms of the BRST-transformations.
It is well known that in the commutative case the perturbative niteness of the Chern-Simons
model is governed by the VSUSY within the algebraic renormalization procedure [3].
In the presented notes we are able to show that the Chern-Simons model is nite and inde-
pendent of the deformation parameter  at least at the one loop level. Additionally, the
perturbative calculations are in agreement with the restrictions coming from the VSUSY.
The letter is organized as follows. Section 2 gives a short presentation of -deformed eld
theory. In section 3 we present the Chern-Simons theory as a -deformed eld theory on a
noncommutative R3. The BRST-transformation and the VSUSY are introduced at the tree
level. Section 4 is devoted to sketch the perturbative calculation at the one loop level.
2 -deformed Field Theory
The noncommutative R3 is dened as the algebra Ax generated by bx,  = 1; 2; 3 satisfying the
commutation relation [4]
[bx; bx ] = i ; (1)
where  is a real constant antisymmetric matrix with rank 3. For a function f(x) on ordinary
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d3k eikx̂ ~f(k); (2)








Using relation (2) the star product on R3 is dened by
W (f)W (g) = W (f ? g); (4)
1
and one nds















Relations (2) and (4) render a representation of functions on the algebra Ax [5], and thus allows
us to examine gauge theory on Ax by considering the counterpart on ordinary R3 with the usual
product replaced by the star product. From (5) followsZ
d3x(f ? g)(x) =
Z
d3xf(x)g(x): (6)
Similarly, one gets for a triple product


















 e(i(p1+p2+p3)x) ~f(p1)~g(p2)~h(p3): (7)
With n arbitrary elds k one can show the validity of cyclic permutationsZ
R3
d3x (1 ? 2 ?    ? n) (x) = (−1)q1(q2+ +qn)
Z
R3
d3x (2 ?    ? i ? 1) (x); (8)
where qi is the total grading of the eld i. Additionally, one can show that the functional





d3x (1 ? 2 ?    ? i) (x) = (2 ?    ? i) (y): (9)
Equations (8) and (9) imply now that the o-shell algebra of the relevant functional operators
describing the symmetry content of the model remains valid.
3 BRST-symmetry and Linear VSUSY
With a Lie-algebra valued gauge eld A(x) = A
a
(x)T
a, where T a are the N2 generators of the
U(N)-group satisfying 1
[T a; T b] = 2ifabcT c; fT a; T bg = 2dabcT c; Tr (T aT b = 2ab; (10)










A ? A ? A

; (11)
which is invariant under the innitesimal gauge transformation
A = @ + i ( ? A − A ? )  D; (12)
1Not all gauge groups are realizable in noncommutative eld theory [5, 6, 7]
2
where  is a Lie-algebra valued gauge parameter. The corresponding eld strength is given by
F = @A − @A − i (A ? A − A ? A) : (13)
In order to quantize the model within the BRST-scheme, the gauge-symmetry is replaced by
the nilpotent BRST-symmetry [2, 3]
sA = Dc; sc = ic ? c; (14)
where c is the anticommuting Faddeev-Popov ghost eld. Within the quantization procedure
a BRST-invariant gauge-xing must be introduced in the following manner
gf = s
Z
d3x Tr (c ? @A) ; (15)
with
sc = B; sB = 0; (16)
where c is the antighost eld and B the multiplyer eld implementing the Landau gauge. The
gauge xing part of the action of course depends on the metric, chosen here as the flat Eucledian
one  . The total action is now
 = cl + gf : (17)
Besides the BRST-invariance, (17) possesses an additional global supersymmetry, whose gen-
erators carry the Lorentz index [3].
A = @c;
c = −A ;
B = −@c;
c = 0: (18)
The operator  gives rise together with the BRST-operator to the anticommutation relations
 ?  +  ?  = 0; (19)
 ? s + s ?  = −@ + (eq. of motion); (20)
which closes on-shell on space time translations. In order to describe the symmetry content
of the model with respect to the BRST-symmetry and the linear VSUSY, one has to write
down the corresponding Ward-identities (WI) at the classical level. In order to carry out this




d3x Tr ( ? sA +  ? sc) : (21)
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Then the total corresponding tree-level action is given by














d3x Tr (B@A − c ? @Dc)
+
Z
d3x Tr ( ? Dc + i ? c ? c) : (22)
The total action satises the nonlinear, -deformed Slavnov-Taylor identity




























− (@c + ) ? 
A
− A ? 
c
− @c ? 
B




The WI operator (25) yields the linearly broken supersymmetry




d3x Tr (@B + @A − @c) ; (27)
where cl is linear in the quantum elds.
4 One-loop Calculations
In order to check the one-loop UV behaviour of the noncommutative Chern-Simons model, one
needs the corresponding Feynman rules. For the various propagators of the model one needs
only the bilinear part of the full action (22). However, since the noncommutativity does not
aect bilinear terms (6), the propagators are the usual ones [8]. We nd
a b
a µ b ν




































a ? cb ? Ac − i@ca ? Ab ? cc

; (31)
where Trabc = Tr
(
T aT bT c





















 (p2; p3); (33)







 (p2; p3); (34)
with
















Ωabc (p2; p3) = −Ωacb (p3; p2): (36)
With the above given Feynman-rules we are now able to calculate the relevant proper vertices
at the one loop-level: the vectoreld-self-energy ~ab , the ghosteld-self-energy
~ab, the three-
gluon-vertex ~Γabc and the ghost-vectoreld-vertex
~Γabc . Additionally, these proper graphs are















2Γ(1) is the 1PI generating functional at the one loop level.
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A similar relation can be derived also for proper three-point graphs. Carrying out the relevant
self-energy graphs of (37) in momentum space one nds for the gluon-self-energy with internal
gluons














For the contribution with internal ghost elds one gets the same expression but with an ad-
ditional minus sign. Thus the total gluon self-energy vanishes identically, showing that the
obtained result is nite and  independent.
It is also straightforward to show that the restrictions coming from the VSUSY Ward-identity
are also fullled, i.e. the ghost self-energy vertex graph and the mixed two-point vertex vanish
too. Therefore our obtained results are consistent with the VSUSY and reproduce the well
known result of [8] in the limit  ! 0.
A similar analysis for the proper three-point graphs show also that these graphs are nite and
 independent. Also these results demonstrate the validity of the VSUSY. All the above
mentioned one-loop calculations are, except for the factors Ω, a repetition of the calculations
found in [8].
5 Conclusion and Outlook
In this short note we have demonstrated the niteness of the -deformed Chern-Simons theory
and its -independence at the one-loop level.
Additionally, the obtained results are in agreement with the restrictions coming from the
VSUSY. In the limit  ! 0 one gets the old results of [8]. Furthermore, since no radia-
tive corrections are present, the model is regular in this limit (see also [9] and [10]).
In a forthcoming paper we are discussing further topological eld models of Schwarz-type and
Witten-type.
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